Introduction
The pairing of homologous chromosomes is a fascinating physical process that poses unique challenges from a polymer dynamics perspective. Homolog pairing is a key biological phenomenon that underlies Mendelian inheritance during meiosis but also occurs outside of meiosis in diverse contexts including DNA repair [1] [2] [3] , transvection (reviewed in [4] ) and Xchromosome inactivation [5] [6] [7] . However homologous pairing is most studied in meiosis since homologous association is critical to the proper segregation of chromosome during the first meiotic division.
Several steps are involved in associating homologous chromosomes together during meiosis ( figure 1(A) ). First homologous chromosomes become aligned and physically near each other, a process termed pairing (reviewed in [8] ). For most organisms with notable exceptions in C. elegans and Drosophila, stable pairing is thought to be mediated by double-strand breaks (DSBs) which produce singlestranded DNA regions that are then compared to the other chromosome to assess homology. Recombination of DNA initiated at DSBs leads to crossovers and gene conversions that exchange genetic information. The resulting crossovers are a crucial part of the tension-sensing mechanism that aligns homologs properly along the meiotic spindle to permit correct separation during meiosis I. After pairing, a protein structure called the synaptonemal complex assembles between the two homologs gluing them together, a process termed synapsis that is unique to meiosis.
Whether pairing occurs in somatic vs. meiotic cells, this proposal seeks to understand the dynamics of pairing as a physical process, with a particular focus on the role of mechanical forces and constraints applied to the telomeres. Homolog pairing during meiosis is characterized by the need of homologous loci to find each other and become physically associated, despite potentially being separated at random locations on the order of microns apart ( figure 1(B) ).
One highly conserved feature of meiotic chromosomes is the attachment of telomeres to the nuclear envelope (NE) (reviewed in [9] ). There have been several proposals for how telomere-NE interaction might help to promote pairing via physical mechanisms. One interesting suggestion is that by constraining telomeres to the surface of an approximately spherical nucleus, the pairing process for telomeres would reduce the dimensionality of the search from a 3D search to a 2D search (figure 1(C)) [10] . This proposal was inspired by the fact that a particle undergoing a random walk will eventually visit every point in a twodimensional space but not a three-dimensional space.
In addition to being attached to the nuclear envelope, in some cases telomeres cluster non-randomly to a sub-region or patch on the nuclear envelope, which has been proposed to increase the efficiency of pairing by restricting the surface area within which the telomeres could execute their 2D search process. Such clustering would lead to a chromosome conformation called a 'bouquet' in which telomeres cluster in a limited region of the nuclear surface like the stems of flowers in a bouquet, with the remainder of the chromosome arms spilling out like flowers ( figure 1(D) ).
Both proposals, that meiotic pairing is enhanced by restricted dimensionality and clustering respectively, are fundamentally based on the same idea: that NE interactions of telomeres enhance pairing by restricting the space in which the search takes place. However, an alternative hypothesis concerning the role of telomere-NE interactions stems from the observation that meiotic chromosomes undergo active motion [11] . The molecular basis for this motion has emerged during the past decade, based on discoveries that telomeres are subjected to forces generated by actin-myosin or dynein-microtubules, depending on the species [12] [13] [14] [15] [16] . Meiotic telomeres are coupled to the cytoskeleton through the nuclear envelope via SUN and KASH domain proteins such as Mps3 [17] (figure 1(E)). Because these active forces are applied to telomeres through the NE, this suggests that perhaps telomeres interact with the NE primarily in order to allow them to harness force generation by the cytoskeleton. Mutants that affect this motion seem to affect the overall outcome of meiosis, but the nature of the effects has been difficult to interpret. Mutants with reduced motion often show delays in the completion of meiosis [18] and reduced rates of collision between homologous loci [19, 20] , suggesting an impairment in the process of homology searching. But other studies have found that the overall level of crossing over is Figure 1 . Meiotic chromosome dynamics. (A) Meiotic recombination is preceded by two distinct physical processes. First, homologous chromosomes, which initially are spatially separated in the nucleus, come together and align in a process known as pairing. Then, after pairing, a protein-based synaptonemal complex is assembled that links the two homologs together, a process known as synapsis. (B) Homolog pairing is a challenging physical problem if chromosomes must find each other by diffusion within the volume of the nucleus. (C) Telomeres of meiotic chromosomes are usually attached to the nuclear envelope, which has been proposed to speed up pairing by reducing the dimensionality of the search space from 3D to 2D. (D) Telomeres often cluster in a subregion of the nuclear envelope, creating a chromosome configuration known as the bouquet. (E) Telomeres of meiotic chromosomes are subject to active forces generated by the cytoskeleton, to which they are coupled by NE-spanning protein complexes. This panel illustrates the telomere motion machinery of budding yeast, in which the telomere associated protein NDJ1p attaches to the NEspanning complex composed of MPS3p and CSM4p, which is then pulled along actin filaments by a myosin motor.
increased in motion-impairing mutants [21, 22] , rather than decreased as one might expect if motion facilitates recombination. The question thus remains, what are these movements for? The most naive way we could imagine for actin-driven motion to promote pairing would be for the motion to be directed so as to drive one homolog directly towards the other. This does not appear to be the case, however, as the motion appears to be random, with no directional bias of a chromosome towards its homolog. To what extent can active but randomly directed motions facilitate the pairing process? Our goal in this study is to use computational modeling to assess the potential impact of active random motion of telomeres on the NE compared to the impact of passive NE tethering, in order to better understand the functional significance of telomere-NE interactions in meiosis.
Materials and methods
Brownian dynamics model of meiotic chromosome dynamics Brownian dynamics modeling has been used to model interphase chromosome dynamics [23] , and here we adapt this type of approach to model meiotic chromosome dynamics. Each chromosome is represented as a list of nodes whose coordinates are stored in three dimensions. All positions are represented as real numbers with a length scale in which 1 distance unit in the simulation corresponds to 100 nm in an actual cell. The nodes represent beads connected by springs, with each node subjected to forces whose direction changes randomly at each time step with no correlation between successive time steps, thus representing the Langevin random force. In addition to this force, each node is also subjected to forces generated by the springs linking it to its two neighboring beads. To enforce confinement inside the nuclear envelope, a repulsive force is applied to any node whose distance from the center of the nucleus exceeds the radius of the nucleus. Finally, each node is subjected to a frictional force that depends on its velocity. Together these forces yield the following equation of motion, which is used to update the velocity and position of each node at each time step:
where x i is the position vector for node i, v i is the velocity of node i, ζ is the friction coefficient, k s is the spring constant of the links between nodes, L eq is the equilibrium length of the links, σ is the magnitude of the Langevin random force, f is the magnitude of the telomere random force, n r and n t are randomly directed unit vectors representing the direction of the Langevin and telomere-specific random forces, and u i represents a unit vector directed from node i-1 to node i. This model represent the Rouse model of polymer dynamics [24] , which has been shown to be consistent with experimental measurements of interphase chromatin motion [25] . The Rouse model is a 'phantom polymer' model that lacks topological constraints, an assumption we make based on the successful use of phantom polymer models to represent chromosome dynamics [26] and which is supported by the fact that the activity of topoisomerases II, which passes one strand through another, is active during meiosis and that defects in topoisomerases II activity lead to meiotic arrest prior to the stage of chromosome segregation and alteration in meiotic crossover distributions [27, 28] . Experimental studies have shown that sufficiently high activity of topoisomerase II can cause an entangled DNA melt to behave as a viscous fluid [29] , supporting the idea that topological constraints can be neglected to a first approximation when topoisomerase II activity is high, as it is during meiosis.
This model also allows the orientation of each link between nodes to rotate freely, again in accordance with the assumptions of the Rouse model. In the simulations of figure 9 , we explored the influence of constraining link bending by implementing a worm-like chain (WLC) model, in which we add a bending force term that applies a rotation to each link depending on the angle that this link makes with its preceding link.
The simulation proceeds in two phases. In the first phase, each chromosome is initialized by picking a random point inside the nucleus as the first node, and then adding additional nodes according to a random walk, with the choice of node positions limited to points inside the nucleus. Once this initial configuration is generated, the simulation is run for 10 000 iterations in order to allow the chromosome to relax into a configuration that is consistent with the simulated forces. During the second phase, the simulation continues to run but now the distance between each node and the corresponding node on its homologous chromosome is monitored, and loci that come within a defined capture radius of each other become paired. The model stores the pairing state of each node, and once a node (and its corresponding homologous node) are switched into the 'paired' state, their position and velocity are constrained to be equal to each other for the remainder of the simulation. The spring force term applied at a paired node now takes into account not only the distance to the two adjacent nodes on the chromosome that contains the node in question, but also the two adjacent nodes on the homologous chromosome. For simulations of reversible pairing (figure 10), nodes classified as paired are switched to the unpaired state with a probability given by parameter P unpair . Their position is not altered by this switch, just their paired state. This switch is performed for all loci at the beginning of each time step. Whether or not a node that has become unpaired will remain unpaired or will re-establish pairing thus depends on how much the two loci move away from each other during the ensuing time step.
Parameter choice
Our model is not intended to precisely represent the actual chromosomes of any particular species, but rather is designed to be an abstract model that captures essential features of meiotic chromosome pairing. For this reason, our primary concern in choosing parameters is only to ensure that they are of the correct relative orders of magnitude. The following parameter estimates indicate the values used in our simulation.
Nucleus radius
Since much of what is known about meiosis from a molecular perspective has been found in the model organism Saccharomyces cerevisiae (budding yeast), we have selected the yeast nucleus as a representative size scale. The radius of a meiotic yeast nucleus is approximately 1 micron. Taking our fundamental unit of length in the model to be 100 nm, the nuclear radius is then equal to 10 of these units. This same unit conversion was then applied to estimate other distance scales.
Polymer link lengths
The persistence length of yeast interphase chromatin has been measured to be approximately 100 nm [30] . While other studies have found a range of different persistence lengths including both shorter and longer values [25, 31] , we make the simplifying assumption that the segment length is 100 nm, corresponding to 1 distance unit in our model framework.
Chromosome lengths
The lengths of chromosomes can vary greatly between species. In yeast, chromosome lengths can vary from hundreds of kb to 1-2 Mb. We make the approximation that all chromosomes are 1 Mb long. The linear packing density of chromatin has been estimated at 110-150 bp nm −1 [31] , so the length of a segment (100 nm) would correspond to approximately 10 kb. We thus make the assumption that a 1 Mb long chromosome contains 100 segments, with the total length of the chromosome being 100 length units.
Chromosome number
Because the Rouse model is a phantom chain model, and because chromosomes only pair with their homologs, the behavior of a given polymer is not affected by the other polymers in the model. We therefore modeled just a single pair of homologous chromosomes.
Capture distance In our model we implement the process of homology recognition by defining a capture distance, such that if two homologous loci are closer to each other than this radius, they become paired for the remainder of the simulation. We used a capture distance of 0.5 length units, corresponding to 50 nm. This defines a capture distance as half the length of a statistical segment.
Based on the physical model of a polymer as a chain of random globules each corresponding to a statistical segment with diameter equal to the link length, this choice of capture distance corresponds to pairing taking place when the distance between the centers of the random globules of two homologous loci are separated by their radii, thus indicating a substantial degree of overlap between the two globules.
Frictional coefficient
Because we have not, up to this point, defined either a time or a force scale, we can choose the frictional coefficient arbitrarily. For simplicity in the simulations reported here, we defined the frictional coefficient to be 1.0
Langevin random force
After setting the frictional coefficient to 1, any given choice of time scale will then induce a choice in force scale based on the viscosity of the system, and vice versa. We arbitrarily assigned the magnitude of the Langevin force term to be 0.15. This choice then sets the force scale for the simulation, with all forces to be considered relative to the Langevin random force.
Time step
Based on the above choices for the friction coefficient and Langevin random force, the duration of a single time step can be constrained by experimental measurement of chromatin diffusion. Considering a single step of the simulation, the length of one random displacement δ is given by the product of the time step, the magnitude of the Langevin force acting during the displacement, and the friction coefficient. The product of the Langevin force and the frictional coefficient, using our assumed values, is 15 nm per second, taking into account the fact that our base length unit is 100 nm. We have previously measured the diffusion constant of yeast chromatin to be 5×10 −12 cm 2 s −1 [32] , which is equal to 500 cm 2 s −1
. Using the relation D=δ 2 /2Δt, we find that the time step Δt=4.4 s. This would of course be considered a very large time step for simulating small molecules like single proteins, but given the massive size and slow diffusion of chromatin, along with the fact that meiotic pairing takes place on a 10 h time scale, this represents a relatively small time step.
Telomere force
We model the forces applied to the telomere as a randomly directed force with a magnitude Tel_force that is an adjustable parameter of the model. To our knowledge, no direct measurements of the magnitude of the active forces at telomeres have been reported in the literature. We therefore choose a value of Tel_force equal to 1.5 in our model units, which is ten times the Langevin force, in order to represent a case in which the active force is substantially larger than the random thermal forces. This value of Tel_force is used for all active telomere motion simulations. To represent the fact that telomere forces are generated by motion along cytoskeletal filaments such as microtubules or actin filaments, we implement a persistent random walk such that the telomere force is applied in a uniform direction at successive time-steps, with a constant probability per time step P switch of switching to a different, randomly chosen direction. The value P switch is an adjustable parameter of the model and is systematically varied in the Results section to explore how the persistence of the telomere random walk affects pairing kinetics. In all cases the direction of the telomere active force is tangential to the surface of the nuclear sphere, thus representing the fact that telomeres move in the plane of the nuclear envelope.
Telomere clustering
We model the clustering of telomeres to form a bouquet by defining a spherical cap on the surface of the NE, bounded by a circle of radius R bouquet . During the initial relaxation phase of the simulation, the location of each telomere is measured relative to the edge of this circle and if a telomere lies outside of this circle, the telomere experiences a force proportional to the distance from the edge directed towards the center of the cap. The proportionality constant was taken to be the same as that used to restrict all nodes to the interior of the NE. The widely disparate reports of bouquet clustering size scales in different organisms meant that it was not possible to choose a single radius for the circular cap. Instead, we explored a range of values for the radius. When plotting the effect of clustering on pairing times, we report the size of the cap in terms of the fraction of the nuclear surface covered by the cap. Surface area for the cap is determined by first calculating the height of the spherical cap h=R-sqrt(R 2 −a 2 ) where R is the radius of the nucleus and a is the radius of the bounding circle, and then calculating the cap surface S=2πRh.
Pairing site density For most simulations, every node in each chain was allowed to pair with the corresponding node on the homologous chain. However for the simulations in figure 9 , the pairing site density was reduced as shown. For these simulations. pairing was only assessed at every nth node, and only those nodes were held together during subsequent joint motion of the two homologs. All simulations of reduced pairing density used the Rouse model with a nuclear radius of 10 and with telomeres attached to the NE undergoing active motion with tel_force equal to 1.5 and P switch equal to 0.03.
WLC Kratky-Porod bending force term
In some simulations we tested whether deviations from a Rouse polymer model would affect our predictions. We represent a worm-like chain using the Kraty-Porod model in which a force is generated proportional to the bending angle between two successive links with a proportionality constant k bend . Implementing a non-Rouse worm-like chain model required us to define a biologically reasonable bending modulus for the chain. We empirically chose a bending parameter that increased the radius of gyration for the chain by a factor of 2, thus representing a moderate increase in stiffness compared to the Rouse chain. In order to calculate the radius of gyration for an unconstrained polymer, we implemented the model by removing the nuclear repulsion and NEanchoring terms so that the chromosomes were free to move about in space without confinement, and ran the simulation for 100 000 iterations, after which we calculated the radii of gyration. For the Rouse model, we obtained a value of 3.72 length units (n=48 simulations). This is close to the expected value of 4.1 for a freely jointed chain containing 100 links of length 1, which can be derived by noting that the mean squared end-to end distance of a Gaussian polymer is á ñ R 2 =Na 2 where N is the number of links and a is the link length, and then using the relation r g =sqrt( ) á ñ R 6 2 [24] . Having thus confirmed that our model recapitulates the expected value for the radius of gyration of a freely jointed Rouse chain, we then tested a range of different values for k bend and found that k bend =0.15 (which happens to be equal to the Langevin force term) caused the radius of gyration to double, to an average value of 7.93 (n=42 simulations). We used this value of k bend for all WLC model simulations in figure 11 .
Results
Brownian dynamics model predicts biphasic homology pairing In order to explore the role of active forces and NE attachment in meiotic pairing, we first establish a computational model for meiotic chromosome dynamics. This model, described in details in Materials and Methods, represents each chromosome as a series of beads joined by springs, with each bead subject to randomly directed thermal forces ( figure 2(A) ). The links between beads can rotate freely and there are no topological constrains between chains, thus yielding an implementation of the Rouse model for polymer dynamics [24] . The entire chain is confined inside a spherical nucleus ( figure 2(B) ). Homologs are represented by pairs of bead-spring chains, and homology searching is carried out by tracking the distance between beads at corresponding positions on the two homologs. When beads come within a pre-defined capture radius, they pair irreversibly, and they are forced to remain together for the rest of the simulation. Figure 3 shows snapshots of a representative simulation run, indicating the relative position of two homologous chromosomes within a confining nuclear envelope, with individual paired loci indicated by red spheres. This particular simulation shows the zippering phenomenon previously described by [33] , in which the pairing of one locus greatly facilitates the subsequent pairing of neighboring loci by constraining the neighboring loci to remain tethered near their homologs.
To visualize the process of pairing and to distinguish initial pairing events from subsequent zippering, we have developed a novel visual representation scheme that we refer to as the pairing kymograph (figure 4). In a pairing kymograph, the distance between homologous loci is color-coded with dark blue representing zero distance for completely paired loci, and red representing the average distance between completely unpaired loci. Shades of yellow indicate regions that are closer than unpaired loci but not yet fully paired. Using this color scheme, the interhomolog distance map at any point in time is represented as a vertical color bar, with the top and bottom of the bar representing the two ends of the chromosomes and all other nodes of the chromosome chain represented as intermediate positions along the bar, in the same order that they occur in the chromosome chain. These bars are then stacked left to right to indicate the distance maps at successive time-points. Pairing at a given locus is indicated by a switch from red to blue as one traverses the plot from left to right. Processive zippering is indicated by diagonal edges. Examination of such plots shows that the majority of loci pair via zippering. Pairing thus proceeds in a biphasic manner, with an initial phase in which the first paired site is established, followed by a zippering phase during which pairing extends processively and bidirectionally away from this initial pairing site. In the remainder of this study, we seek to ask how passive and active interactions of telomeres with the nuclear envelope might affect the kinetics of these two distinct phases of pairing.
Effect of nuclear envelope attachment on homolog pairing kinetics With our dynamic simulation of chromosome pairing, we can investigate what contributions nuclear envelope attachment makes to the pairing process. A previous computational model based on cellular automata [10] found that constraining chromosomes to the surface of a sphere allowed much more rapid pairing than was seen when chromosomes were unconstrained and had to explore the entire three dimensional volume of the simulated nucleus. Such a result seems intuitively reasonable since search in a 2D surface should be more efficient than in a 3D volume. To test whether this prediction would hold in our polymer dynamics model, we simulated meiotic pairing using the model framework described above, in which the ends of each chromosome polymer were constrained to coincide with the NE but were otherwise freely mobile, subject to a Langevin random force acting in the plane of the NE surface. We performed simulations at a range of different nuclear sizes since theoretical models of 2D and 3D diffusion to capture make different predictions for the scaling of search time to compartment size.
Results of the simulations of NE attachment are shown in figure 5 . We found that the initial pairing time was affected by telomere attachment to the NE, but to our surprise, attachment to the NE appears to slow down pairing, rather than speed it up ( figure 5(A) ). At all nuclear volumes tested, the initial pairing time was longer for chromosomes whose telomeres were attached to the NE, and shorter for chromosomes that were unattached. However as the radius of the nucleus approached the radius of gyration of the chromosomes (i.e. as the nucleus became so small that each chromosome filled the entire nuclear volume) the rates for the attached and unattached cases became statistically indistinguishable. This result is intuitively reasonable since the effect of NE interactions will be small if both homologs are already extensive interdigitated. Overall, our data suggest that attachment of telomeres is a hindrance to initial pairing when the nucleus is large enough to require chromosome motion over large spatial scales.
In contrast to the strong effect of NE attachment on the initial pairing time, attachment made almost no difference for the zippering time ( figure 5(B) ). The disparity in effects of attachment on initial pairing versus zippering time predicts that biological assays for a role of telomere attachment to the NE may show dramatically different results depending on whether the assay monitors initial collision or completion of pairing. In addition to a role for telomere-NE interactions based on confining telomeres to a two-dimensional surface, it is often observed that telomeres cluster in a small sub-region of the nuclear surface, thus potentially facilitating pairing by having the telomeres start out non-randomly close together. We tested the influence of this effect by starting the simulations with telomeres assigned to random positions within a spherical cap on the NE surface. As shown in figure 6 , reducing the radius of this spherical cap does indeed increase the rate of initial pairing, while increasing the area of the patch decreases the rate of initial pairing, as expected. As indicated by the best fit line, the time to initial pairing showed an approximately linear dependence on the fraction of surface area covered by the telomere cluster patch. Linear fit of the log of pairing time to log of fraction of surface covered yields a scaling exponent of 1.3, confirming a close to linear relation.
Given our prior result that attachment to the nuclear envelope leads to slower pairing compared to chromosomes that are unconstrained by nuclear envelope attachment, we can now ask whether confinement of telomeres to a surface patch can overcome the decreasing pairing kinetics due to attachment on the surface. Is there a patch size small enough that confining telomeres on the NE becomes worthwhile in terms of facilitating pairing? In the simulations of figure 5 , we found that the average time for initial pairing for chromosomes not attached to the NE in a nucleus of radius 1 micron (volume 4 cubic microns), was 7700 time units. Using the best fit line in figure 6 , which was based on a nucleus of the same radius as figure 5 , we find that the time for initial pairing equals 7700 when the fraction of the NE surface covered by the telomere patch is 0.09. Thus, in these particular simulations, initial pairing time is less than that for unconstrained chromosomes provided the clustering patch size is smaller than 10% of the nuclear envelope surface. These results thus show that NE attachment can increase pairing, and not just impede it as shown in figure 5 , but only if the telomeres are confined to a sufficiently small region on the surface.
Active random motion of telomeres facilitates initial pairing Telomere confinement to a 2D surface and clustering in a small spherical cap are well known features of meiosis and, as shown above, our simulation can recapitulate these effects. A less well understood aspect of the meiotic telomere-NE interaction is the fact that telomeres are subject to mechanical forces generated by motor proteins moving along cytoskeletal filaments. The telomeres are coupled to these motors by membrane spanning complexes. What is the role of these mechanical forces? The motion is apparently not directed, in that homologous telomeres are just as and zippering (red curve) times. Simulations were carried out with a telomere force of 1.5 units (ten times the Langevin random force applied at non-telomeric nodes) in an arbitrary direction, with the probability of the telomere force switching to a new direction given by P switch . The probability of switching direction is plotted on a log scale ranging from 0.001 to 1. Each datapoint is the average of 50 simulation runs. Error bars indicate standard error of the mean time. (B) Radius of gyration of simulated chromosomes plotted versus P switch .
likely to move away from each other as towards each other, and thus the motion is best characterized as active random motion. Given that our simulation framework could recapitulate the effects of NE confinement above, we next asked what predictions the simulation would make about the effect of active random forces applied to the telomeres. As shown in figure 7 , we found that application of force to the telomeres did indeed reduce the time required for initial pairing compared to the case with no active forces (see figure 5 above; for comparison all simulations in figure 7 used a nuclear volume of 4 cubic microns). Comparing figure 7 with figure 6 , we find that in these simulations, active motion of the telomeres leads to faster pairing than does telomere clustering for most telomere cluster sizes. Only when the size of the telomere patch drops well below 1% of the nuclear surface does telomere clustering facilitate pairing more effectively than active telomere forces.
Interestingly, the time to initial pairing depended strongly on the details of the telomere force fluctuations. In our model, telomere force changes direction at random intervals, with the probability of changing direction given by the parameter P switch . As shown by the blue curve in figure 7(A) , the active forces applied to the telomere are least effective when the direction changes randomly at every time step. This is the situation in which the active force mimics a Langevin random force, with the direction of the forces uncorrelated between successive times. This would be considered 'active Brownian motion' [34] . Faster initial pairing is achieved when the telomere forces are correlated between successive time steps, with an optimum initial pairing time obtained when P switch =0.03. Since we know that telomeres are moving on cytoskeletal elements, we expect that telomeres will be pulled in a specific direction, according to the orientation of the attached filament, for some period of time until either the filament re-orients or the telomere jumps to a different filament. We thus expect that telomere motion should resemble a persistent random walk. However, the statistical details of telomere motion have not, to our knowledge, been quantitatively measured. Our results suggest that such details could be quite important for understanding the effect that such motion has on the pairing process.
Why does active motion help increase the initial pairing? One hypothesis is that pulling forces at the telomere might help stretch out the chromosome, making it less compacted and thus increasing the overlap between chromosomes during homology searching. We tested the idea that telomere forces might contribute to pairing by de-compacting the chromosomes by calculating the radius of gyration of chromosomes, prior to initial pairing. As shown in figure 7(B) , application of active forces at the telomeres did indeed alter the radius of gyration, however the radius of gyration actually was smallest for the value of P switch that gave the fastest initial pairing. This is the opposite relation between initial pairing time and radius of gyration to that predicted by the decompaction model. The fact that the fastest initial pairing correlates with the value of P switch giving the smallest radius of gyration does suggest a possible link between the two, but the nature of this relation remains to be determined.
Distribution of initial pairing sites as a function of chromosome position
Since telomeres seem to play a critical role in meiosis, either by anchoring the chromosomes to the NE surface or by coupling chromosomes to cytoskeletal force generation systems, we asked whether telomeres would be favored over other chromosomal regions in terms of the rate of pairing. As shown in figure 8(A) , we calculated the position of initial pairing and found that for unattached chromosomes, there was a slightly increased tendency for initial pairing to occur near the telomeres, possibly due to increased mobility of the polymer ends, but that this tendency was erased for chromosomes anchored to the NE. When active random motion was applied at telomeres, pairing frequencies became strongly position-dependent, with initial pairing most likely to occur near the telomeres. However, the persistence of the telomere random walk had an unexpected influence on the distribution of initial pairing sites. When the active motion was of purely diffusive type, i.e. the direction of the random telomere force changed to a new direction at every time step, then initial pairing occurred almost entirely at the very terminal nodes representing the telomeres. In contrast, when telomeres were simulated to undergo a persistent random walk such as was found above to be more effective in pairing, then the position of first pairing tends not to be at the telomere itself but rather at approximately 10% of the chromosome length away from the telomere ( figure 8(A) , red plot). The result of the simulation is thus that active motion of telomeres drives optimal pairing in sub-telomeric regions.
Active random motion at telomeres drives anomalous diffusion of sub-telomeric chromatin As discussed above, decompaction of the folded chromosome cannot explain the facilitated pairing seen when active telomere forces are present. What alternative mechanism might explain this effect? We note that the persistent random walk model used to represent cytoskeletal forces acting on the telomere represents a form of anomalous super-diffusion. A large body of literature has suggested that such anomalous diffusion with a long-tailed distribution of displacement probabilities can facilitate search and capture processes, for example in Predator-prey interactions [35] . We therefore hypothesized that the active forces pulling telomeres along cytoskeletal filaments might contribute to pairing via such anomalous diffusion effects.
We asked whether forces applied just at the telomere could induce anomalous diffusion at positions elsewhere on the chromosome. We calculated the distribution of displacements of each locus over a time interval of 20 time steps. For standard diffusion in one dimension, such a distribution of displacements should fit a Gaussian distribution. In three dimensions, the displacement that occurs in a given time period is the square root of the sum of the squares of the individual displacements along the three Euclidean axes, hence is described by a Chi distribution with three degrees of freedom. To quantify anomalous diffusive behavior versus chromosomal position, we calculated the parameter α 2 [36, 37] , given by the following equation:
where r is the displacement over the given time interval and brackets indicate ensemble and time averages. This parameter is simply the excess kurtosis divided by three, which is done because the expected value of the kurtosis for a Gaussian distribution is exactly 3. Kurtosis, and hence α 2 , reflects both the peakedness of the distribution around its mean value as well as the weight of the tails of the distribution. For a Gaussian distribution, the kurtosis should be exactly 3, the excess kurtosis (which is the kurtosis minus three) is zero, hence α 2 will have a value of zero for a Gaussian distribution, and for this reason α 2 is used to quantify anomalous diffusive behavior [36, 37] . For a Chi distribution with three degrees of freedom, also known as the Maxwell distribution, the normalized excess kurtosis α 2 is expected to be which is approximately 0.036. Therefore, values of that are significantly greater or smaller than 0.036 would indicate that the distribution of three-dimensional distances for a given time window is not Chi distributed, which would indicate that the underlying displacements in the three Euclidean axes are nonGaussian distributed. Thus for the three-dimensional case, as for one-dimensional displacements, large positive or negative values of α 2 would indicate anomalous diffusive motion. As seen in figure 8(B) , in the absence of active telomere forces, α 2 is close to zero at all positions on the chromosome, regardless of whether or not the telomeres are anchored on the NE. In fact the mean value over all nodes is 0.027 which is closer to the expected value for a Maxwell distribution as we anticipated. In contrast, when active forces are applied to the telomeres, α 2 becomes strongly negative, both at the telomeres themselves and also at sub-telomeric regions, indicating anomalous diffusion in these regions. In fact the diffusion is most strongly anomalous not at the telomeres themselves but at sub-telomeric regions, potentially consistent with the results of figure 8(A) showing that initial pairing rates are highest in subtelomeric sites. As shown in figure 8(C) , the anomalous behavior depends on the time scale over which the jump size distribution is calculated, with a decrease in α 2 as the time window increases. However for all values of time window over a range of 10-1000 simulation time steps, anomalous behavior is still seen in the sub-telomeric regions compared with the rest of the chromosome.
Normalized excess kurtosis α 2 provides a convenient way to identify anomalous diffusive behavior but it relies on interpretation of the kurtosis of the jump distribution. An alternative way to identify anomalous diffusion is from the scaling exponent of the mean squared displacement versus time lag. For a diffusive process, the mean squared displacement should be proportional to the time elapsed, and hence the scaling exponent should be 1. Deviations from this value indicate anomalous diffusion. In figure 8(D) , we plot the mean squared displacement versus time evaluated at the second node on the chain, chosen to represent the sub-telomeric region. For the cases of telomeres not anchored to the NE, or telomeres anchored but not experiencing any active forces, corresponding to the black and blue curves in figure 8(B) , the best fit power law has an exponent of 0.79 and 0.76 respectively. For telomeres attached to the NE and experiencing active motion that switches direction randomly at each timestep (active Brownian motion), the exponent increases to 1.24, while for the case of a persistent random walk (corresponding to the red curve in figure 8(B) ), the exponent is 1.7. This is a substantial deviation from the predicted value of 1.0, and indicates that the active motion of telomeres can drive anomalous super-diffusion of the sub-telomeric region.
Reduced pairing site density alters processivity of zippering The effects analyzed above, namely NE tethering, active telomere motion, and telomere clustering, all influenced the first phase of pairing, but none had a significant influence on the second phase, namely the time required for chromosomes to complete pairing via zippering. We can intuitively understand this result because zippering is driven by short-range searches between loci that are tethered to each other, so that they are carrying out a search in a confined volume. For a random walk in a sufficiently small region of confinement, the mean squared displacement versus time becomes a function only of the confinement volume and not of the diffusion constant. We therefore expect that even large changes to the chromosome mobility might have little effect on the distribution of actual displacements observed during relevant time scales. If we view processive zippering as a series of short-range highly constrained searches, we would expect the zippering speed to be relatively independent of chromosome motion per se, as we have seen.
This conceptual picture of zippering as a series of constrained searches predicts that zippering speed and processivity should be highly sensitive to the tethering radius between loci adjacent to the most recently paired sites. This radius depends on the length along the chromosome polymer between pairing sites, in other words, it depends on the pairing site density. If pairing site density is reduced, then once a given site is paired, the adjacent pairing sites will be tethered by a longer tether radius, and thus their probability of pairing per unit time is reduced. These effects are recapitulated in our simulations. As shown in figure 9(A) , we modified the simulation so that instead of letting every node in the chain be a potential pairing site, we take every nth node and define it as a pairing site. Comparing the pairing kymographs for simulations in which every node is a pairing site ( figure 9(B) ) with kymographs in which pairing site density is reduced (figures 9(C) and (D)), we find that reduction in pairing site density leads first to a slower but still processive zippering process (based on the slope of the edges in the kymograph) and eventually leads to zippering that is no longer smooth but instead becomes erratic. These effects are manifest at the level of zippering times. As shown in figure 9 (E), both initial pairing time and zippering time are increased when pairing site density is decreased. The zippering time showed a sub-linear dependence on pairing site spacing. These results, taken together, suggest that mutations reducing pairing site density should have a much stronger effect on zippering rates than would mutations affecting telomere-NE interactions or motility.
Reversible pairing alters processivity of zippering Simulations thus far have assumed that once a locus pairs, it remains paired forever. This assumption of irreversible pairing may not be biologically realistic since most biochemical interactions are characterized by a finite binding energy and thus a non-zero off-rate. In order to ask how reversible binding and the affinity between paired loci may affect zippering, we conducted simulations in which every node has a fixed and equal probability of becoming unpaired at each time step. Results are plotted as pairing kymographs in figures 10(A)-(E). Unpairing probability up to 0.2 still allows processive zippering. For unpairing probability of 0.25 ( figure 10(D) ), stretches of processive zippering still occur but extensive unpairing occurs at a rate comparable to pairing, so that the system reaches a steady state of pairing and unpairing and never completely zippers. For unpairing probability of 0.3 ( figure 10(E) ), processive zippering is not seen, and instead paired regions increase and decrease in length. Not only does reversible pairing still allow for processive zippering, it has very little effect on the zippering rate at least for small enough rates of unpairing. Figure 10(F) indicates that the effect on the time required for zippering is negligible for unpairing probabilities in the range 0-0.1. When the unpairing probability gets larger, our criterion for evaluating the zippering time (based on the time elapsed between initial pairing and complete pairing of the whole chromosome) becomes inapplicable since complete pairing never occurs due to the continual presence of one or more unpaired sites.
We conclude that even substantial rates of spontaneous unpairing still allow processive zippering, likely because even if two loci become unpaired during the simulation, they will be located near each other and are likely to re-pair, particularly if neighboring loci are still paired and thus acting as tethers. However, the face that stretches of paired loci can become unpaired, and processive zippering cease, when unpairing rates are high enough suggests that experimental measurement of unpairing kinetics will provide important information for understanding the overall process of meiotic pairing.
Wormlike chain model simulations All of the above simulations employed the Rouse chain model, a highly simplified version of a real polymer chain. In order to ask how sensitive our results are to the specific form of the polymer model, we repeated the key analyses using a worm-like chain (WLC) representation of the polymer, which we implement using the Kratky-Porod model. In this model, the equation of motion is augmented with a bending force term that depends on the angle between successive link vectors. Our choice of bending force is discussed in Materials and Methods. As shown in figure 11(A) , we find that the pairing times are increased compared to the Rouse model ( figure 7 ), but we still see the general trend that initial pairing is a stronger function of the telomere random walk persistence than is the subsequent zippering time. Compared to the Rouse model, the radius of gyration is larger for the WLC model ( figure 11(B) ), which is the expected result since the chromosome polymer is now less flexible. But we continue to observe the strong negative correlation between initial pairing time and radius of gyration that was seen in figure 7 for the Rouse model.
Parameter sensitivity analysis
The model employed here involves a number of parameters that describe the mechanical properties of the polymer models used to represent chromosome dynamics. As discussed in Materials and Methods, we have attempted to provide reasonable estimated values based on known literature, but these are in general order of magnitude estimates, raising the question of whether our results are robust to variation in the parameter values. To address this point, we have varied six key model parameters-the length of links in the bead-spring chain, the frictional coefficient, the spring constant for extension of links, the spring constant for repulsion by the nuclear envelope, the capture distance for pairing, and the magnitude of the Langevin random force (table 1) . We increased and decreased each of these parameters by a factor of two above and below the default value used in our simulations (except for friction, which made the model unstable if increased by a factor of two, in which case we only increased it by a factor of 1.5), and used these altered parameters sets to run simulations under three cases -unattached telomeres subject only to Brownian motion, telomeres anchored to the nuclear envelope, and telomeres subjected to active random forces at the nuclear envelope. As shown in table 1, we find that for all three conditions, two-fold increases or decreases in model parameters generally produce less than a twofold change in initial pairing time. The key result concerning pairing kinetics, namely that attaching telomeres to the nuclear envelope impedes pairing compared to unattached chromosomes, but active random motion speeds up pairing, is still seen for all parameter variations tested. We therefore conclude that our results are robust at least with respect to small variations in parameter values.
Discussion and conclusions
Comparison with previous studies Our simulations gave an entirely different result concerning the role of NE attachment than that predicted by [10] , in that we see pairing is FASTER when the chromosomes are internal, not attached. We speculate this is because the telomeres do not diffuse freely in 2D on the surface because they are constrained through their attachment to the rest of the chromosome, which then acts like an anchor due to viscous drag. In order for the telomeres to undergo extensive motion over the nuclear surface, the rest of the chromosome would have to be dragged along in a parallel direction. This may explain why the proposed acceleration of search by confinement to a 2D search was not observed. As for the reduction in search efficiency caused by attachment to the NE, we speculate that the loss of mobility of the telomeres caused by reducing their range of motion from three dimensions to two may propagate to the rest of the chromosome causing slower search. Such an interpretation is supported by computational simulations of a two-dimensional bead-spring polymer model similar to our three dimensional model [38] , which reported that immobilization of a chromosome polymer at the ends results in confinement of chromatin motion along the entire length of the chromosome. In the context of meiosis, the results of Verdaasdonk et al [38] predict that all loci on a chromosome whose telomeres are immobilized on the nuclear envelope should be less effective at searching for their homolog. In our model results of figure 5, we do not immobilize the telomeres on the nuclear envelope-they are still able to diffuse within the plane of the nuclear surface. Nevertheless, this two-dimensional diffusion does represent a type of tethering, less extreme than complete immobilization, and hence our results can be viewed as a generalization of the rigid anchoring results of Verdaasdonk et al [38] .
Penfold and co-workers [39] implemented a computational model of chromosome conformation during meiosis. This model did not represent or track chromosome dynamics, but rather explored how tethering of telomeres on the nuclear envelope might influence the spatial distribution of the chromosomes within the nucleus. One interesting result of that study was the finding that tethering telomeres on the nuclear envelope, in the absence of telomere clustering, increased the average distance between homologous loci along the chromosomes, but that clustering was able to overcome this effect depending on how close together the telomeres were in the cluster. These results are consistent with our results (figures 5 and 6), and suggest that the delayed pairing that we observed when telomeres were anchored but not clustered might at least in part be due to larger average distances between the chromosomes at the onset of homology searching.
Predictions of phenotypes based on simulation results
Our model makes testable predictions concerning the role of telomere attachment and active motion in homolog pairing, which in turn lead to predictions about mutant phenotypes. Figure 5 indicates that attaching chromosomes to the NE, in the absence of strong telomere clustering or active telomere forces, will lead to a reduction in pairing efficiency. In yeast, the extent of telomere clustering is subtle, and based on the results of figure 6(C), unlikely to have a major impact on pairing rates. But telomere attachment and forces are predicted to have strong effects. Since telomere attachment in the absence of active forces reduces pairing rates below those attainable when chromosomes are detached from the NE, our results predict mutations that stop telomere motion but leave the telomeres anchored should lead to slower pairing than mutations that cause the telomeres to detach completely. Genetic experiments are consistent with this prediction. In csm4 mutants, telomeres are attached to the NE but do not undergo active motion because they are not linked to the cytoskeleton [21, 22] . In ndj1 mutants, telomeres detach entirely from the NE, so that they lack both attachment and active motion [22] . Consistent with the predictions of our model, csm4 mutants have a much stronger effect on meiotic outcomes than ndj1 mutants, showing longer delays and greater loss of gamete viability [14] .
A second set of predictions concern the effect of altering DSB density. The results of figure 9 indicate that reduction in pairing site density will slow down Table 1 . Sensitivity of initial pairing times to model parameter variation. Time for first pairing are given for the default parameters used throughout the paper and for simulations in which single parameters were varied according to the factor specified. Simulations were performed for three cases: telomeres unattached to the nuclear envelope (Unattached), telomeres attached to the nuclear envelope but subject only to thermal motion (Attached Passive), and telomeres attached and subject to active force according to a persistent random walk with Pswitch of 0.03 (Attached Active). For each parameter set three separate simulations were run. Errors are reported as standard error of the mean. All values are rounded to two significant digits. Definitions and default values of parameters are given in Materials and Methods. Briefly, 'link length' describes the distance between adjacent nodes in each chain, 'friction' is the friction coefficient, 'k_link' is a spring constant for the bead-spring chain, 'k_nuc' is a spring constant that implements confinement by the nuclear envelope, 'd_capture' is the capture distance for pairing nodes, and 'F_Langevin' is the magnitude of the random thermal forces per time step acting at each node. zippering and make the process less processive. In the cell, homolog searching is thought to be carried out in parallel by a finite number of sites, which correspond to the sites of DSBs. DSBs are resected to form 3' singlestranded tails that are used to sense homology via basepairing interactions. On the other hand, it has also been proposed to homolog pairing might be carried out independently of base-pairing interactions via chromosome associated proteins such as cohesins that form a bar code on the surface of different chromosomes [40] . In this latter model, altering DSB density would not affect density of pairing sites. Our results predict that mutations which increase or decrease the total number of DSBs in the genome should have a corresponding effect on the pairing site density, and thus alter the initial pairing time and the zippering processivity. Measurement of zippering processivity in mutants that reduce the DSB density [41] may thus be able to test whether pairing site spacing is in fact dictated by DSBs.
Active random motion and the distribution of pairing centers Living cells are seething with random movement, including both thermally-driven Brownian movement and active motility driven by motor proteins. Although motors often drive long range processive directional movement, it is becoming appreciated that motors acting over short distances in random directions can produce random movement that resembles Brownian motion but with a much higher diffusion constant, a phenomenon known as active diffusion [34] . The idea of active random motion has been discussed mainly in terms of cytoplasmic transport, where the phenomenon can be clearly described but where the functional relevance remains poorly understood. There is evidence for active diffusion of interphase chromatin [42] but its function is also unclear. Active telomere-led meiotic chromosome motion represents a unique opportunity to study active diffusion in a context where its biological importance has already been documented. It has long been hypothesized that active motion of chromatin helps to speed up the random search for homologous sequences in the crowded environment of the nucleus [14, 21] . Passive diffusion of chromatin is highly constrained [32, 43] and also shows evidence for sub-diffusive effects [25, 44, 45] , which would tend to make the processes of random homology search exceedingly slow. Active movement could speed up the search process by producing a higher effective diffusion constant. Active motions could also cause the motion to become super-diffusive by changing the distribution of random displacements towards a longer-tailed distribution. It is well established that random movements with long-tail distributions, such as Lévy flights, are more effective as random search processes [35] and are for this reason often employed as a foraging or hunting strategy by animals [46] , although the efficacy can depend on confinement and other details of the situation. Superdiffusive, long-tail random motion is documented for interphase chromatin [42, 47] but has not been studied in meiosis. Our results suggest that cytoskeletal forces acting on telomeres can drive anomalous diffusion of sub-telomeric chromatin to speed up collisions. The restriction of the anomalous diffusion to sub-telomeric positions ( figure 8(B) ), and the result that initial pairing is most likely to occur in sub-telomeric regions when telomeres undergo persistent random walks ( figure 8(A) ) may help to explain why in some species, in which homolog pairing is mediated by specific 'pairing centers', these pairing centers tend to be located asymmetrically on the chromosome with a strong bias towards the chromosome ends [48] [49] [50] [51] .
